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Abstract The existence of a model structure on the category D of diffeological
spaces is crucial to developing smooth homotopy theory. We construct a compactly
generated model structure on the category D whose weak equivalences are just
smooth maps inducing isomorphisms on smooth homotopy groups. The essential
part of our construction of the model structure on D is to introduce diffeologies on
the sets ∆p (p ≥ 0) such that ∆p contains the kth horn Λpk as a smooth deformation
retract.
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1 Introduction
The theory of model categories has developed explosively since its introduction by
Quillen [20] and has become the modern foundation of homotopy theory. Model
categories have been constructed in many fields, such as algebraic geometry [18],
complex geometry [15], and operator algebra [19], to solve various problems using
homotopical means.
In differential geometry, researchers are beginning to recognize the importance
of finding a model category in which to do smooth homotopy theory ([22], [3],
[7]); in such a category, we can fully utilize a number of notions and consequences
from the model category theory (cf. [9], [10]). Since a model category must be
complete and cocomplete by definition, we must construct a model structure on
the category of some type of smooth spaces (i.e., generalized smooth manifolds).
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The main objective of this paper is to endow the category D of diffeological
spaces with a compactly generated model structure whose weak equivalences are
just smooth maps inducing isomorphisms on smooth homotopy groups (see [17,
Definition 15.2.1] for a compactly generated model structure).
Since every object is fibrant with respect to our model structure (Theorem 1.3),
cofibrant diffeological spaces play an important role in smooth homotopy theory
as CW -complexes do in topological homotopy theory (cf. [13, Section 1]).
Construction of a model structure on the category D has been attempted by
several authors. Since the standard p-simplex ∆p endowed with the sub-diffeology
of Rp+1 does not contain the kth horn Λpk as a deformation retract, ingenuity
is needed to construct a model structure on D in a manner similar to the case
of topological spaces ([9, Definition 7.10.6 and Example 11.1.8]). Wu [22] and
Christensen-Wu [3] defined fibrations, cofibrations, and weak equivalences, using
affine p-spaces instead of the standard p-simplices ([3, Definition 4.8]), and con-
jectured that with their definitions, D is a model category. In the latest version
(version 6) of [7], Haraguchi-Shimakawa used the notion of a tame map ([7, Defi-
nition 3.8]) to define fibrations, and claimed that D is a model category which is
not cofibrantly generated ([7, Theorem 5.1]). However, there exists a gap in the
proof of [7, Lemma 5.6].
We construct a compactly generated model structure on D by a new approach,
as outlined in the following subsections.
In [13], we establish the Quillen equivalences between the model categories of
diffeological spaces, simplicial sets, and arc-generated spaces, using adjoint pairs
introduced in this paper. The results in this paper and [13] are applied to the
theory of finite- and infinite-dimensional C∞-manifolds in the succeeding papers.
1.1 Category D of diffeological spaces.
In this subsection, we recall the definition of a diffeological space and summarize
the basic properties of the category D that are needed to state the main results.
A parametrization of a set X is a (set-theoretic) map p : U −→ X, where U is
an open subset of Rn for some n.
Definition 1.1. (1) A diffeological space is a set X together with a specified set DX
of parametrizations of X satisfying the following conditions:
(i) (Covering) Every constant parametrization p : U −→ X is in DX .
(ii) (Locality) Let p : U −→ X be a parametrization such that there exists an open cover
{Ui} of U satisfying p|Ui ∈ DX . Then, p is in DX .
(iii) (Smooth compatibility) Let p : U −→ X be in DX . Then, for every n ≥ 0, every
open set V of Rn and every smooth map F : V −→ U , p ◦ F is in DX .
The set DX is called the diffeology of X, and its elements are called plots.
(2) Let X = (X,DX ) and Y = (Y,DY ) be diffeological spaces, and let f : X −→ Y be
a (set-theoretic) map. We say that f is smooth if for any p ∈ DX , f ◦ p ∈ DY . Then,
diffeological spaces and smooth maps form the category D.
The category D has the following properties (see Propositions 2.1 and 2.10):
(1) The category D has initial and final structures with respect to the underlying
set functor. In particular, D is complete and cocomplete. Further, the class of
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D-embeddings (i.e., injective initial morphisms) is closed under pushouts and
transfinite composites.
(2) The category D is cartesian closed.
(3) The underlying set functor D −→ Set is factored as the underlying topological
space functor ·˜ : D −→ C0 followed by the underlying set functor C0 −→ Set,
where C0 denotes the category of arc-generated spaces. Further, the functor
·˜ : D −→ C0 has a right adjoint R : C0 −→ D.
The notions of diffeological subspace and sub-diffeology are defined in the standard
manner (see Definition 2.2).
1.2 Standard p-simplices
The principal part of our construction of a model structure on D is the construction
of good diffeologies on the sets
∆p = {(x0, . . . , xp) ∈ R
p+1 |
∑
i
xi = 1, xi ≥ 0} (p ≥ 0)
which enable us to define weak equivalences, fibrations, and cofibrations and to
verify the model axioms (cf. Section 1.3). The required properties of the diffeologies
on ∆p (p ≥ 0) are expressed in the following four axioms:
Axiom 1. The underlying topological space of ∆p is the topological standard p-simplex
for p ≥ 0.
Recall that f : ∆p −→ ∆q is an affine map if f preserves convex combinations.
Axiom 2. Any affine map f : ∆p −→ ∆q is smooth.
Let S denote the category of simplicial sets. For K ∈ S, the simplex category
∆ ↓ K is defined to be the full subcategory of the overcategory S ↓ K consisting
of maps σ : ∆[n] −→ K ([6, p. 7]). By Axiom 2, we can consider the diagram
∆ ↓ K −→ D sending σ : ∆[n] −→ K to ∆n. Thus, we define the realization functor
| |D : S −→ D
by |K|D = colim
∆↓K
∆n.
Consider the smooth map |∆˙[p]|D −֒→ |∆[p]|D = ∆
p induced by the inclusion
of the boundary ∆˙[p] into ∆[p].
Axiom 3. The canonical smooth injection∣∣∆˙[p]∣∣
D
−֒→ ∆p
is a D-embedding.
The notion of a deformation retract in D is defined in the same manner as in
the category of topological spaces by using the unit interval I = [0, 1] endowed
with a diffeology via the canonical bijection with ∆1 (Section 2.4).
The kth horn of ∆p is a diffeological subspace of ∆p defined by
Λpk = {(x0, . . . , xp) ∈ ∆
p | xi = 0 for some i 6= k}.
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Axiom 4. The kth horn Λp
k
is a deformation retract of ∆p in D for p ≥ 1 and
0 ≤ k ≤ p.
For a subset A of the affine p-space Ap = {(x0, . . . , xp) ∈ R
p+1 |
∑
xi = 1}, Asub
denotes the set A endowed with the sub-diffeology of Ap (∼= Rp). The set {∆
p
sub}p≥0
of diffeological spaces, used in [8] to study diffeological spaces by homotopical
means, is the first candidate of the standard p-simplices satisfying Axioms 1-4.
However, ∆psub satisfies neither Axiom 3 nor 4 for p ≥ 2 (Proposition A.2). Thus,
we must construct a new diffeology on ∆p, at least for p ≥ 2. Let us introduce
such diffeologies on ∆p.
Let (i) denote the vertex (0, . . . , 1
(i)
, . . . , 0) of ∆p, and let di denote the affine
map from ∆p−1 to ∆p, defined by
di((k)) =
{
(k) for k < i,
(k + 1) for k ≥ i.
Definition 1.2. We define the standard p-simplices ∆p (p ≥ 0) inductively. Set ∆p =
∆psub for p ≤ 1. Suppose that the diffeologies on ∆
k (k < p) are defined. We define the
map
ϕi : ∆
p−1 × [0,1) −→ ∆p
by ϕi(x, t) = (1 − t)(i) + td
i(x), and endow ∆p with the final structure for the maps
ϕ0, . . . , ϕp.
Without explicit mention, the symbol ∆p denotes the standard p-simplex de-
fined in Definition 1.2; see Lemmas 3.1 and 4.2, and Remarks A.4 and A.5 for a
comparison of the diffeologies of ∆p and ∆psub.
Since the diffeology of ∆p is the sub-diffeology of Ap for p ≤ 1, our notion of
a deformation retract in D coincides with the ordinary notion of a deformation
retract in the theory of diffeological spaces ([11, p. 110] and Remark 2.14).
Axioms 1-4 for the standard p-simplices ∆p are verified in Sections 3-8.
1.3 Model structure on the category D
By Axiom 2, we can define the singular complex SDX of a diffeological space X
to have smooth maps σ : ∆p −→ X as p-simplices, thereby defining the singular
functor SD : D −→ S. We introduce a model structure on the category D of
diffeological spaces in the following theorem; the proof is constructed using only
properties (1)-(3) of the category D and Axioms 1-4 for the standard simplices.
See [17, Definition 15.2.1] for a compactly generated model category and [12], [6],
or [17] for the model structure of S.
Theorem 1.3. Define a map f : X −→ Y in D to be
(1) a weak equivalence if SDf : SDX −→ SDY is a weak equivalence in the category
of simplicial sets,
(2) a fibration if the map f has the right lifting property with respect to the inclusions
Λpk −֒→ ∆
p for all p > 0 and 0 ≤ k ≤ p, and
(3) a cofibration if the map f has the left lifting property with respect to all maps that
are both fibrations and weak equivalences.
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With these choices, D is a compactly generated model category whose object is always
fibrant.
The following theorem shows that the singular complex SDX captures smooth
homotopical properties of X, and that our model structure on D organizes the
smooth homotopy theory of diffeological spaces. See [3, Section 3.1] or [11, Chapter
5] for the smooth homotopy groups πDp (X,x) of a pointed diffeological space (X,x),
and see [6, p. 25] for the homotopy groups πp(K,x) of a pointed Kan complex
(K,x).
Theorem 1.4. Let (X,x) be a pointed diffeological space. Then, there exists a natural
bijection
ΘX : π
D
p (X,x) −→ πp(S
DX, x) for p ≥ 0,
that is an isomorphism of groups for p > 0.
From Theorem 1.4, we see that weak equivalences are just smooth maps in-
ducing isomorphisms on smooth homotopy groups (Corollary 9.13).
Although we work with diffeological spaces in this paper, our construction of
a model structure applies to the category of Chen spaces as well ([1], [13]).
The remainder of this paper is organized as follows. In Section 2, we review
diffeological spaces and their underlying topological spaces. In Section 3, Axiom
1 for the standard p-simplices is verified. In Section 4, the diffeology of the stan-
dard p-simplex ∆p is studied and the notion of a good neighborhood of an open
simplex of ∆p, which is used to verify Axioms 2-4 for the standard p-simplices, is
introduced. Axiom 2 is verified in Section 5. Using D-homotopies constructed in
Section 6, Axioms 3 and 4 are verified in Sections 7 and 8, respectively. Theorems
1.3 and 1.4 are proved in Section 9. In the Appendix, it is observed that ∆psub
satisfies neither Axiom 3 nor 4 for p > 1.
2 Diffeological spaces and their underlying topological spaces
In this section, we study diffeological spaces and their underlying topological spaces
primarily from a categorical view point, and then introduce the basic homotopical
notions in the category D. Although we prove several useful lemmas in Section
2.1, the main objective of this section is to recall the basic definitions and results
for the reader’s convenience and to fix notation and terminology; most results in
Sections 2.2 and 2.3 are found in [2], [21], and [14].
A good reference for diffeological spaces is the book [11]; see also Section 2 of
[2], which is an elegant three-page introduction to diffeological spaces.
2.1 Diffeological spaces
The category D of diffeological spaces has the obvious underlying set functor. See
[5, pp. 230-233] for initial and final structures, and initial and final morphisms with
respect to the underlying set functor. See [17, Definition 14.1.6] for a transfinite
composite.
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Proposition 2.1. (1) The category D has initial and final structures with respect to
the underlying set functor. In particular, D is complete and cocomplete. Further, the
class of D-embeddings (i.e., injective initial morphisms) is closed under pushouts and
transfinite composites.
(2) The category D is cartesian closed.
Proof. (1) Initial and final structures are constructed as in [2, p. 90]. Thus, it is
easily seen that the underlying set functor D −→ Set creates limits and colimits
([2, Theorem 2.5]). To prove the last statement, suppose that the square
A X
B Y
i
j
is a pushout diagram in D such that i is a D-embedding. From the construction of
colimits in D, we see that j is also a D-embedding. Next suppose that λ is an ordinal
and X : λ −→ D is a λ-sequence in D (i.e., a colimit-preserving functor) such that
the map Xβ −→ Xβ+1 is a D-embedding for β + 1 < λ. From the construction
of colimits in D, we can see that the transfinite composite X0 −→ colim
β<λ
Xβ is a
D-embedding by transfinite induction.
(2) See [11, pp. 35-36]. ⊓⊔
By Proposition 2.1(1) and [9, Proposition 10.2.7], the class of D-embeddings is
closed under coproducts, and hence, under the formation of relative cell complexes
([17, Definition 15.1.1]).
Refer to [1] for further categorical properties of D. Recall the following special
cases of initial and final structures, which are most important in practice.
Definition 2.2. (1) A smooth map f : X −→ Y is called a D-embedding if f is
injective and initial with respect to the underlying set functor. A diffeological space A
is called a diffeological subspace of X if A is a subset of X endowed with the initial
structure for the inclusion A −֒→ X; the diffeology of A is called the sub-diffeology of
X.
(2) A smooth map f : X −→ Y is a D-quotient map if f is surjective and final with
respect to the underlying set functor. A diffeological space Z is a quotient diffeological
space of X if Z is a quotient set of X endowed with the final structure for the projection
X −→ Z; the diffeology of Z is the quotient diffeology of X.
The following three lemmas are used repeatedly in this paper.
Lemma 2.3. Consider the commutative square in D
A
B
X
Y
i
j
p q (S)
with j a D-embedding. Then, the square (S) is a pullback diagram in D if and only if
(S) is a pullback diagram in Set and i is a D-embedding.
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Proof. (=⇒) Since a pullback diagram in D is also a pullback diagram in Set (see
the proof of Proposition 2.1(1)), we need to only show that i is initial.
Let S be a diffeological space and f : S −→ A a set-theoretic map with if
smooth. Then, we have the implications
if is smooth =⇒ qif is smooth =⇒ pf is smooth,
since j is a D-embedding. Since (S) is a pullback diagram in D, the smoothness of
if and pf implies the smoothness of f . Hence, i is initial.
(⇐=) Obvious. ⊓⊔
Lemma 2.4. Suppose that
A
B
X
Y
i
j
p q
is a pullback diagram in D.
(1) If j is a D-embedding, then i is also a D-embedding.
(2) If q is a D-quotient map, then p is also a D-quotient map.
Proof. (1) The result is immediate from Lemma 2.3.
(2) Since p is obviously surjective (see the proof of Proposition 2.1(1)), we need
to only show that p is final. For a parametrization β : U −→ B, we have the
implications
β ∈ DB =⇒ j ◦ β ∈ DY
=⇒ j ◦ β lifts locally along q in D
=⇒ β lifts locally along p in D,
completing the proof (see [2, p. 90]). ⊓⊔
Lemma 2.5. Let p : A −→ B be a D-quotient map. Then, p× 1X : A×X −→ B×X
is also a D-quotient map for any diffeological space X.
Proof. The result is easily proved using the cartesian closedness of D (Proposition
2.1(2)). Alternatively, since p× 1X : A×X −→ B ×X is a pullback of p : A −→ B
along proj : B ×X −→ B, the result can be deduced from Lemma 2.4(2). ⊓⊔
2.2 Arc-generated spaces
A topological space X is arc-generated if the topology of X is final for C0X :=
{continuous curves from R to X} (cf. [5, p. 45]). We investigate the fundamental
properties of arc-generated spaces; arc-generated spaces form the target category
of the underlying topological space functor for diffeological spaces (Section 2.3).
Let T be the category of topological spaces and C0 be the full subcategory of
T consisting of arc-generated spaces.
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Proposition 2.6. The category C0 has initial and final structures with respect to the
underlying set functor. In particular, C0 is complete and cocomplete.
Proof. Initial and final structures are easily constructed. See the proof of Proposi-
tion 2.1(1) for the latter part. ⊓⊔
For a topological space X, αX is the set X endowed with the final topology
for C0X . Then, α defines a functor α : T −→ C
0. Let I be the inclusion functor
C0 −→ T .
Lemma 2.7. I : C0 ⇄ T : α is an adjoint pair, and the composite αI is the identity
functor of C0.
Proof. The result is obvious from the definitions. ⊓⊔
The following lemma shows that many important spaces are arc-generated.
Lemma 2.8. (1) If X is a locally arcwise connected space that satisfies the first axiom
of countability, then X is arc-generated.
(2) Every CW -complex is arc-generated.
Proof. (1) The proof is not difficult (cf. the proof of [2, Proposition 3.11]).
(2) Since a CW -complex is constructed from the disks Dn and spheres Sn−1 via
colimits in T , the result follows from Part 1 and Lemma 2.7. ⊓⊔
A topological space X is ∆-generated (respectively, ∆1-generated) if the topol-
ogy of X is final for the singular simplices (respectively, the singular 1-simplices).
The notions of arc-generatedness, ∆1-generatedness, and ∆-generatedness are mu-
tually equivalent. This follows from the obvious implications
arc-generated =⇒ ∆1-generated =⇒ ∆-generated,
and the fact that ∆p is arc-generated (Lemma 2.8(1)).
Proposition 2.9. (1) The category C0 is cartesian closed.
(2) Let X and Y be arc-generated spaces, with Y locally compact. Then, X×
C0
Y = X×
T
Y
holds, where ×
C0
and ×
T
denote the products in C0 and T , respectively.
Proof. Since being arc-generated is the same as being ∆1-generated, the result
follows from [23, Theorems 3.3 and 3.4, and Examples 3.5]. ⊓⊔
2.3 Underlying topological space of a diffeological space
For a diffeological space A = (A,DA), the underlying topological space A˜ is defined
to be the set A endowed with the final topology for DA; the underlying topology
of A is also referred to as the D-topology of A. (We often omit the symbol ˜ if
there is no confusion in context.)
Since the D-topology of a diffeological space is arc-generated (Lemma 2.8(1)),
we have the underlying space functor ·˜ : D −→ C0. For an arc-generated space X,
RX is the set X endowed with the diffeology DRX consisting of all continuous
parametrizations. Then, R defines a functor from C0 to D.
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Proposition 2.10. ·˜ : D ⇄ C0 : R is an adjoint pair, and the composite ·˜ ◦ R is the
identity functor of C0.
Proof. Obvious. ⊓⊔
For the D-topology of a quotient diffeological space, we have the following
result.
Lemma 2.11. The functors ·˜ : D −→ C0 and I : C0 −→ T preserve final structures
with respect to the underlying set functors. In particular, if Y is a quotient diffeological
space of X, then Y˜ is a quotient topological space of X˜.
Proof. Since we have the two adjoint pairs
D
·˜
⇄
R
C0
I
⇄
α
T
(Lemma 2.7 and Proposition 2.10), the result follows immediately from [5, Propo-
sition 8.7.4]. ⊓⊔
The D-topology of a diffeological subspace need not coincide with the subspace
topology (see [2, Example 3.20]). However, we have the following result, which is
needed in this paper.
Lemma 2.12. Let V be a subset of Rn. If V is open or convex, then the D-topology
of the diffeological subspace V coincides with the topology induced from Rn.
Proof. We can easily prove the result using Special Curve Lemma [14, p. 18] (cf.
[2, Section 3.3]). ⊓⊔
Propositions 2.9, 2.10, and 2.13 explain that C0 is more suitable than T as the
target category of the underlying topological space functor for diffeological spaces.
Proposition 2.13. The underlying topological space functor ·˜ : D −→ C0 preserves
finite products.
Proof. See [2, Lemma 4.1] and the comment after it. ⊓⊔
2.4 Homotopical notions in the category D
Endow I = [0,1] with a diffeology via the canonical bijection with ∆1. A D-
homotopy (or smooth homotopy) H between smooth maps f, g : X −→ Y is a
smooth map H : X × I −→ Y such that H(·, 0) = f and H(·,1) = g.
A diffeological subspace A of a diffeological space X is a D-deformation retract
(or deformation retract in D) if there is a D-homotopy H : X × I −→ X such that
H(x,0) = x, H(a, t) = a, and H(x,1) ∈ A for all x ∈ X, a ∈ A, and t ∈ I. Such a
D-homotopy is called a D-deformation of X onto A.
We say that f is D-homotopic to g and write f ≃D g (or f ≃ g in D) if there
is a D-homotopy between f and g. The relation ≃D is an equivalence relation (see
Remark 2.14) and the quotient set D(X,Y )/≃D is denoted by [X,Y ]D.
We say that diffeological spaces X and Y have the same D-homotopy type and
write X ≃D Y (or X ≃ Y in D) if there exist smooth maps f : X −→ Y and
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g : Y −→ X such that g ◦ f ≃D 1X and f ◦ g ≃D 1Y . A diffeological space X is
called D-contractible (or contractible in D) if X has the same D-homotopy type as
the terminal object ∗.
Remark 2.14. Since ∆1 = ∆1sub (Definition 1.2), the diffeology of I is just the
sub-diffeology of R. Using a cut-off function, we can easily see that the relation ≃D
is an equivalence relation and that our notion of smooth homotopy is equivalent
to that of ordinary smooth homotopy ([3, p. 1276], [11, p. 108]).
Let Itop denote the unit interval I = [0,1] endowed with the ordinary topology.
Since Itop is arc-generated (Lemma 2.8), C0-homotopies and the C0-homotopy
relation ≃C0 are defined as in the category T of topological spaces. By Proposition
2.9(2), C0-homotopical notions are just the restrictions of ordinary homotopical
notions.
We have the following fundamental result.
Proposition 2.15. Let f, g : X −→ Y be smooth maps between diffeological spaces. If
f is D-homotopic to g, then f˜ is C0-homotopic to g˜. In particular, the natural map
[X,Y ]D −→ [X˜, Y˜ ]C0
exists.
Proof. Since I˜ = Itop (Lemma 2.12), the result is immediate from Proposition
2.13. ⊓⊔
3 Verification of Axiom 1
In this section, we verify Axiom 1.
For a category C having the (faithful) underlying set functor, we adopt the
following notation throughout this paper:
(1) For X ∈ C, 1X (or 1) denotes the identity morphism of X.
(2) For X1, X2 ∈ C having the same underlying set, id : X1 −→ X2 is the set-
theoretic identity map or the morphism whose underlying set-theoretic map is
the identity map.
Let us begin by proving the following lemma.
Lemma 3.1. The identity map id : ∆p −→ ∆psub is smooth.
Proof. For p ≤ 1, the result is obvious. Suppose that the result holds up to p− 1.
Consider the commutative diagram
∆p−1 × [0,1) ∆p−1sub × [0, 1)
∆p ∆psub,
id×1
ϕi ϕi
id
and note that ϕi ◦(id×1) is smooth by the induction hypothesis. Then, id : ∆
p −→
∆psub is smooth by Definition 1.2. ⊓⊔
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Proposition 3.2 (Axiom 1). The underlying space of ∆p is the topological standard
p-simplex for p ≥ 0.
Proof. The topological standard p-simplex is denoted by ∆ptop.
For p = 0, the result is obvious. Suppose that ∆˜p−1 = ∆p−1top . For a sufficiently
small positive number ǫ, consider the composite of smooth surjections
∐
i
∆p−1 × [0,1− ǫ]
∑
ϕi
−−−−−→ ∆p
id
−−−→ ∆psub
(see Lemma 3.1). Applying the functor ·˜, we have the composite of continuous
surjections (∐
i
∆p−1 × [0,1− ǫ]
)˜ ∑˜
ϕi
−−−−−→ ∆˜p
id
−−−→ ∆˜psub.
Observe that (∐
i
∆p−1 × [0,1− ǫ]
)˜
=
∐
i
∆p−1top ×
T
[0,1− ǫ]
from Propositions 2.10 and 2.13, the induction hypothesis, Lemma 2.12, and
Proposition 2.9(2). Then,
(∐
i
∆p−1 × [0,1− ǫ]
)˜
, and hence, ∆˜p is compact. Since
the equality ∆˜psub = ∆
p
top holds (Lemma 2.12), id : ∆˜
p −→ ∆˜psub = ∆
p
top is a home-
omorphism. ⊓⊔
4 Local diffeological structure of the standard p-simplex ∆p
In this section, we study the diffeology of ∆p and introduce the notion of a good
neighborhood of an open simplex of ∆p, which is used to verify Axioms 2-4.
4.1 Comparison of the diffeologies of ∆p and ∆psub
We have seen that id : ∆p −→ ∆psub is smooth (Lemma 3.1). In this subsection,
we further compare the diffeologies of ∆p and ∆psub. First, we introduce various
important subsets of ∆p; the kth horn Λpk has already been introduced in Section
1.2.
Definition 4.1. The interior ∆˚p and the boundary ∆˙p of ∆p are defined by
∆˚p = {(x0, . . . , xp) ∈ ∆
p | xi > 0 for any i },
∆˙p = {(x0, . . . , xp) ∈ ∆
p | xi = 0 for some i}.
For 0 ≤ i1 < · · · < ik ≤ p, the closed k-simplex 〈i0, . . . , ik〉 and the open k-simplex
(i0, . . . , ik) are defined by
〈i0, . . . , ik〉 = {(x0, . . . , xp) ∈ ∆
p | xi = 0 for i /∈ {i0, . . . , ik}},
(i0, . . . , ik) = {(x0, . . . , xp) ∈ ∆
p | xi = 0 if and only if i /∈ {i0, . . . , ik}}.
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Especially, 〈0, . . . , iˆ, . . . , p〉 and (0, . . . , iˆ, . . . , p) are often denoted by ∆p−1
(i)
and ∆˚p−1
(i)
,
respectively. The boundary ∆˙p−1
(i)
of ∆p−1
(i)
is defined to be the subset ∆p−1
(i)
\∆˚p−1
(i)
.
The subset ∆p
iˆ
:= ∆p\∆p−1
(i)
is called the ith half-open simplex. The subset skl ∆
p :=⋃
k≤l
(i0, . . . , ik) is called the l-skeleton of ∆
p.
Without explicit mention, a subsets of ∆p are endowed with the sub-diffeology
of ∆p; a subset A of ∆p endowed with the sub-diffeology of ∆psub is denoted by
Asub, which is compatible with the notation introduced in Section 1.2.
Lemma 4.2. ∆p − skp−2 ∆
p = (∆p − skp−2 ∆
p)sub.
Proof. For p ≤ 1, the result is obvious. Suppose that the result holds up to p− 1,
and consider the following diagram:∐
0≤i≤p
(∆p−1 − skp−3 ∆
p−1)× (0,1)
∐
0≤i≤p
∆p−1 × [0,1)
∆p − skp−2 ∆
p ∆p.
∑
ϕi|∆p−skp−2 ∆p
∑
ϕi
This diagram is a pullback diagram in Set. If A −֒→ X and B −֒→ Y are D-
embeddings, then A × B −֒→ X × Y is also a D-embedding. Thus, the upper
horizontal arrow of the above diagram is a D-embedding, and hence, the above
diagram is a pullback diagram in D (Lemma 2.3). Since
∑
ϕi is a D-quotient map,∑
ϕi|∆p−skp−2 ∆p is also a D-quotient map (Lemma 2.4(2)). Next, consider the
commutative diagram in D:∐
0≤i≤p
(∆p−1 − skp−3 ∆
p−1)× (0,1)
∐
0≤i≤p
(∆p−1 − skp−3∆
p−1)sub × (0,1)
∆p − skp−2 ∆
p (∆p − skp−2∆
p)sub
id
∑
ϕi|∆p−skp−2 ∆p
∑
ϕi|∆p−skp−2 ∆p
id
(see Lemma 3.1). We have shown that the left vertical arrow is a D-quotient map.
Since ϕi |∆p−skp−2 ∆p : (∆
p−1 − skp−3∆
p−1)sub × (0, 1) −→ (∆
p − skp−2∆
p)sub
is obviously an open D-embedding for any i, the right vertical arrow is also a
D-quotient map. Since the upper horizontal arrow is a diffeomorphism by the
induction hypothesis, the lower horizontal arrow is also a diffeomorphism. ⊓⊔
The diffeologies of ∆p and ∆psub actually differ along skp−2 ∆
p (see Remark
A.4).
4.2 Good neighborhood of an open simplex of ∆p
In view of Lemma 4.2, it is important to understand the diffeology of a neigh-
borhood of each open simplex of ∆p (especially of codimension ≥ 2). This is the
objective in this subsection.
Let I = {i0, . . . , ik} be a subset of the ordered set {0, . . . , p}; we always assume
that the elements i0, . . . , ik are arranged such that i0 < · · · < ik. Then, ∆
I is
Model category of diffeological spaces 13
the closed k-simplex 〈i0, . . . , ik〉 endowed with the diffeology that makes the affine
bijection φI : ∆
k −→ 〈i0, . . . , ik〉 defined by φI((j)) = (ij) a diffeomorphism. The
ith half-open simplex ∆I
iˆ
(i ∈ I), the interior ∆˚I , and the boundary ∆˙I of ∆I are
defined in the obvious manner (cf. Definition 4.1). For l ∈ I,
ϕl : ∆
I−{l} × [0,1) −→ ∆I
is defined by ϕl(x, t) = (1 − t)(l) + tx. The map ϕi : ∆
p−1 × [0,1) −→ ∆p in
Definition 1.2 is identified with ϕi : ∆
{0,...,ˆi,...,p} × [0,1) −→ ∆p in the obvious
manner.
Lemma 4.3. For p > 0 and 0 ≤ j ≤ p, ϕj : ∆
p−1 × [0,1) −→ ∆p
jˆ
is a D-quotient
map.
Proof. For p = 1, the result is obvious. Suppose that the result holds up to p − 1,
and consider the following diagram:
∐
i6=j
∆
{0,...,ˆi,...,p}
jˆ
× (0,1)
∐
∆{0,...,jˆ,...,p} × [0, 1)
∐
i
∆{0,...,ˆi,...,p} × [0,1)
∆p
jˆ
∆p.
∑
i6=j
ϕi+ϕj ∑ϕi
We can show that this diagram is a pullback diagram in D by an argument similar
to that in the proof of Lemma 4.2. Since
∑
i
ϕi is a D-quotient map (Definition 1.2),∑
i6=j
ϕi +ϕj is also a D-quotient map (Lemma 2.4(2)). Thus, from the construction
of a final structure ([2, p. 90]), we need to only show that for any i ( 6= j), the
map φ defined by the commutative diagram
∆
{0,...,ˆi,...,p}
jˆ
× (0,1) ∆
{0,...,jˆ,...,p}
iˆ
× (0,1)
∆p
jˆ
φ
ϕi ϕj
is smooth. We easily see that
φ((1− τ)(j) + τy, t) =
(
1− t
1− t(1− τ)
(i) +
tτ
1− t(1− τ)
y,1− t(1− τ)
)
.
Thus we have the commutative diagram
∆{0,...,ˆi,...,jˆ,...,p} × [0,1)× (0,1) ∆{0,...,ˆi,...,jˆ,...,p} × [0,1)× (0,1)
∆
{0,...,ˆi,...,p}
jˆ
× (0,1) ∆
{0,...,jˆ,...,p}
iˆ
× (0,1),
φ′
ϕj×1 ϕi×1
φ
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where φ′ is defined by
φ′(y, τ, t) =
(
y,
tτ
1− t(1− τ)
, 1− t(1− τ)
)
.
Note that (ϕi×1)◦φ
′ is smooth, and that ϕj×1 is final by the induction hypothesis
and Lemma 2.5. Thus, φ is smooth. ⊓⊔
We also use the following lemma.
Lemma 4.4. Any permutation σ of the vertices of ∆p extends to a smooth affine map
from ∆p to ∆p.
Proof. Since
∑
i
ϕi :
∐
i
∆p−1 × [0,1) −→ ∆p is final (Definition 1.2), we can prove
the result by induction. ⊓⊔
The following proposition describes the local diffeological structure of ∆p.
Proposition 4.5. Let I = {i0, . . . , ik} be a subset of the ordered set {0, . . . , p} with
0 ≤ k < p, and define the open neighborhood UI of the open simplex (i0, . . . , ik) of ∆
p
by
UI = {(x0, . . . , xp) ∈ ∆
p | xi > 0 for i ∈ I}.
Then, the map
ΦI : UI −→ ∆˚
k ×∆p−k
0ˆ
defined by
ΦI(x0, . . . , xp) = (
xi0(0) + · · ·+ xik (k)
xi0 + · · ·+ xik
, (xi0+· · ·+xik )(0)+xj1(1)+· · ·+xjp−k(p−k))
is a diffeomorphism, where {j1, . . . , jp−k} = {0, . . . , p}\{i0, . . . , ik}.
For the proof of Proposition 4.5, we introduce the notion of the join of diffeo-
logical spaces. The join, X ∗ Y , of two diffeological spaces X and Y is defined to
be the quotient diffeological space X × [0,1]× Y/ ∼, where (x,0, y) ∼ (x,0, y′) and
(x,1, y) ∼ (x′, 1, y) for every x, x′ ∈ X and y, y′ ∈ Y .
Let I = {i0, . . . , ik} be a subset of the ordered set {0, . . . , p}, and set J =
{0, . . . , p}\I. Then, the canonical homeomorphism
ψI : ∆
I ∗∆J −→ ∆p
is defined by ψI([x, τ, y]) = (1− τ)x+ τy (see Lemma 2.11 and Propositions 2.13,
3.2, and 2.9). It is an essential part of the proof of Proposition 4.5 to show that
ψI restricts to a diffeomorphism from ψ
−1
I (UI) to UI . (Note that we do not insist
that ψI is smooth.)
Proof of Proposition 4.5. We prove the proposition in three steps.
Step 1. We show that the diffeological subspace ψ−1I (UI) of ∆
I∗∆J is diffeomorphic
to ∆˚k ×∆p−k
0ˆ
. Consider the diagram
∆˚I × [0,1)×∆J ∆I × [0,1]×∆J
ψ−1I (UI) ∆
I ∗∆J ,
π|
ψ
−1
I
(UI )
π
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where J = {j1, . . . , jp−k} and π is the canonical D-quotient map. We can show
that this diagram is a pullback diagram in D by an argument similar to that in
the proof of Lemma 4.2. Since π|
ψ−1I (UI)
is a D-quotient map by Lemma 2.4(2),
ψ−1I (UI) = ∆˚
I × [0,1)×∆J/ ∼
∼= ∆˚
I × ([0,1)×∆J/ ∼)
∼= ∆˚
k ×∆p−k
0ˆ
,
where the equivalence relation ∼ on [0, 1) × ∆J is defined by (0, y) ∼ (0, y′) for
every y, y′ ∈ Y (see Lemmas 2.5 and 4.3).
Step 2. We show that the homeomorphism
ψ−1I (UI) = ∆˚
I × [0,1)×∆J/ ∼
ψI
−−−→ UI
is a diffeomorphism. For k = 0, ψI is a diffeomorphism by Lemma 4.3. Suppose
that for any I = {i0, . . . , ik−1}, ψI is a diffeomorphism. We show that for any
I = {i0, . . . , ik}, ψI is a diffeomorphism. For simplicity, let I = {0, . . . , k} (Lemma
4.4). For I ′ := {1, . . . , k}, the open neighborhood UI′ of the open simplex (1, . . . , k)
of ∆{1,...,p} is defined similarly. Then, the map
ψI′ : ∆˚
I′ × [0,1)×∆J/ ∼−→ UI′ ,
defined by ψI′([x
′, σ, y]) = (1 − σ)x′ + σy, is a diffeomorphism by the induction
hypothesis, where J = {k + 1, . . . , p}.
Consider the solid arrow diagram
(0,1)× (∆˚I
′
× [0,1)×∆J/ ∼) (0, 1)× UI′
∆˚I × [0,1)×∆J/ ∼ UI ,
1×ψI′
∼=
ψ′
where the left and right vertical arrows are defined by
(s, [x′, σ, y])
[(1− s)(0) + sx′, σ, y]
and
(s, (1− σ)x′ + σy)
(1− s)(0) + s((1− σ)x′ + σy),
respectively. Since the canonical isomorphisms
(0,1)× (∆˚I
′
× [0,1)×∆J/ ∼) ∼= ((0,1)× ∆˚
I′)× ([0,1)×∆J/ ∼),
∆˚I × [0,1)×∆J/ ∼ ∼= ∆˚
I × ([0,1)×∆J/ ∼)
exist (Lemma 2.5), the left vertical arrow is obviously a diffeomorphism (see
Lemma 4.2). The right vertical arrow is also a diffeomorphism since it is a re-
striction of the D-quotient map
[0, 1)×∆{1,...,p} ∼= ∆
{1,...,p} × [0,1)
ϕ0
−−→ ∆p
0ˆ
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(see Lemma 4.3). Thus, we define the diffeomorphism ψ′ : ∆˚I×[0,1)×∆J/ ∼−→ UI
by the commutativity of the above diagram. Then, we have only to show that the
composite ψ
′−1 ◦ ψI is a self-diffeomorphism of ∆˚
I × [0,1)×∆J/ ∼.
Since ψI sends [(1−t)(0)+tx
′, τ, y] to (1−τ){(1−t)(0)+tx′}+τy, the composite
ψ′−1ψI : ∆˚
I × [0,1)×∆J/ ∼−→ ∆˚I × [0,1)×∆J/ ∼ is given by
[(1−t)(0)+tx′, τ, y] 7−→
[
(1− τ)(1− t)(0) + {1− (1− τ)(1− t)}x′,
τ
1− (1− τ)(1− t)
, y
]
,
which is obviously smooth (see Lemma 4.2). Since the composite ψ−1I ψ
′ : ∆˚I ×
[0,1)×∆J/ ∼−→ ∆˚I × [0,1)×∆J/ ∼ is given by
[(1− s)(0) + sx′, σ, y] 7−→
[
1− s
1− sσ
(0) +
s− sσ
1− sσ
x′, sσ, y
]
,
ψ−1I ψ
′ is also smooth (see Lemma 4.2). Hence, ψ′−1ψI is a diffeomorphism.
Step 3. We can easily see that ΦI is just the inverse of the diffeomorphism
∆˚k ×∆
p−k
0ˆ
∼= ∆˚I × [0,1)×∆J/ ∼
ψI
−−−−→
∼=
UI . ⊓⊔
Definition 4.6. For I = {i0, . . . , ik} (0 ≤ k < p) and 0 < ǫ ≤ 1, UI (ǫ) denotes the
diffeological subspace of ∆p defined by
UI(ǫ) = {(x0, . . . , xp) ∈ ∆
p | xi > 0 for i ∈ I and xi0 + · · ·+ xik > 1− ǫ},
which is called a good neighborhood of an open simplex (i0, . . . , ik) of ∆
p.
For 0 < ǫ ≤ 1, ∆l
iˆ
(ǫ) denotes the diffeological subspace of ∆l defined by
∆l
iˆ
(ǫ) = {(x0, . . . , xl) ∈ ∆
l | xi > 1− ǫ}.
By Proposition 4.5, we have the diffeomorphism
ΦI : UI(ǫ) −−−−→∼=
∆˚k ×∆p−k
0ˆ
(ǫ).
Remark 4.7. This remark, which relates to Proposition 4.5, is used in Section 5.
(1) From Proposition 4.5, the composite
UI
ΦI−−→ ∆˚k ×∆p−k
0ˆ
proj
−−−→ ∆p−k
0ˆ
extends to an affine surjection from ∆p to ∆p−k.
(2) From the definition of ΦI , we see that the map
ΦI : UI sub −→ ∆˚
k
sub ×∆
p−k
0ˆ sub
is also a diffeomorphism.
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5 Verification of Axiom 2
In this section, we verify Axiom 2. Recall that a map f : A −→ B between convex
sets is affine if f preserves convex combinations. We do not assume that an affine
map f : ∆p −→ ∆q sends vertices to vertices.
Proposition 5.1. (Axiom 2) Any affine map f : ∆p −→ ∆q is smooth.
For the proof of Proposition 5.1, we need several lemmas.
Define the affine maps sk : ∆p+1 −→ ∆p (0 ≤ k ≤ p) by
sk((i)) =
{
(i) for i ≤ k
(i− 1) for i ≥ k + 1.
First, we show that sk : ∆p+1 −→ ∆p is smooth for p ≥ 0 and 0 ≤ k ≤ p. By
Lemma 4.4, it is sufficient to show that sp : ∆p+1 −→ ∆p is smooth for p ≥ 0. For
the proof, we introduce the cone construction.
The cone, CA, of a diffeological space A is defined to be the quotient diffeolog-
ical space A × I/A× {0}. The open cone, C˚A, of a diffeological space A is defined
to be the diffeological subspace CA− A× {1} of CA.
Lemma 5.2. Let A be a diffeological space.
(1) CA contains the base point ∗ as a D-deformation retract.
(2) C˚A is an open diffeological subspace of CA that is isomorphic to the quotient
diffeological space A× [0,1)/A× {0}.
(3) CA− ∗ is isomorphic to A× (0, 1].
Proof. (1) We construct a D-deformation of CA onto the base point.
Define the mapH : A×I×I −→ A×I by H(a, t, s) = (a, ts). Let π : A×I −→ CA
denote the canonical D-quotient map, and define the map h : CA × I −→ CA by
the commutative diagram
A× I × I A× I
CA× I CA.
H
π×1 π
h
Since π × 1 is final (Lemma 2.5), h is a smooth map, which is the desired defor-
mation of CA onto the base point.
(2) Consider the commutative diagram
A× [0,1) A× I
C˚A CA,
π π
and use an argument similar to that in the proof of Lemma 4.2.
(3) Consider the commutative diagram
A× (0,1] A× I
CA− ∗ CA.
π π
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By an argument similar to that in the proof of Lemma 4.2, the left vertical arrow
is a D-quotient map that is bijective, and hence, a diffeomorphism. ⊓⊔
We define the map
ϕp : ∆
p−1 × I −→ ∆p
by ϕp(x, t) = (1 − t)(p) + td
p(x), which is an obvious extension of the map ϕp in
Definition 1.2. Let ∆pcone be the set ∆
p endowed with the quotient diffeology by
ϕp : ∆
p−1 × I −→ ∆p. Then, the D-deformation in the proof of Lemma 5.2(1)
specializes to the D-deformation
h : ∆pcone × I −→ ∆
p
cone
of ∆pcone onto the vertex (p); explicitly, h(z, s) = (1− s)(p) + sz.
The smoothness of sp is shown in the following lemma; note that s0 : ∆1 −→ ∆0
is obviously smooth.
Lemma 5.3. For all p ≥ 1,
(1)p id : ∆
p −→ ∆pcone is smooth.
(2)p h : ∆
p × [0,1) −→ ∆ppˆ is smooth.
(3)p s
p : ∆p+1 −→ ∆p is smooth.
Proof. We arrange the statements in the following order:
(1)1, (2)1, (3)1, . . . , (1)p, (2)p, (3)p, (1)p+1, . . . .
Since (1)p obviously holds for p = 1, we inductively prove all statements in three
steps.
Step 1. Suppose that the implications hold up to (1)p. Let us consider the com-
mutative diagram
∆p × [0, 1) ∆pcone × [0,1)
∆ppˆ ∆
p
cone −∆
p−1
(p)
.
id×1
h h
id
The right vertical arrow h is a restriction of the smooth map h : ∆pcone×I −→ ∆
p
cone,
and the upper horizontal arrow id×1 is smooth by (1)p. Since the lower horizontal
arrow is an isomorphism by Lemma 4.3 and Lemma 5.2(2), (2)p holds.
Step 2. Suppose that the implications hold up to (2)p. For i 6= p, p + 1, we have
the commutative diagram
∆p × [0, 1) ∆p−1 × [0,1)
∆p+1
iˆ
∆p
iˆ
.
sp−1×1
ϕi ϕi
sp
Since sp−1 × 1 is smooth by (3)p−1 and the left vertical arrow ϕi is final (Lemma
4.3), sp is smooth on ∆p+1
iˆ
for i 6= p, p+ 1.
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For i = p, p+ 1, we have the commutative diagram
∆p × [0, 1)
∆p+1
iˆ
∆ppˆ.
hϕi
sp
Since ϕi is final (Lemma 4.3), s
p is smooth on ∆p+1
iˆ
by (2)p.
Step 3. Suppose that the implications hold up to (3)p. Let us show that (1)p+1
holds. Since the map id : ∆p+1 −→ ∆p+1cone restricts to the diffeomorphism id :
∆p+1 − ∆p
(p+1)
−→ ∆p+1cone − ∆
p
(p+1)
(Lemma 4.3 and Lemma 5.2(2)), we need to
only show that id : ∆p+1 −→ ∆p+1cone is smooth near the face ∆
p
(p+1)
. The ∆p-
component and (0,1]-component of the composite
∆p+1 − {(p+ 1)}
id
−−−→ ∆p+1cone − {(p+ 1)}
ϕ−1p+1
−−−−−→
∼=
∆p × (0,1]
are denoted by λ and µ, respectively (see Lemma 5.2(3)); explicitly,
λ((1− t)(p+ 1) + tdp+1(x)) = x and µ((1− t)(p+ 1) + tdp+1(x)) = t.
By Lemma 3.1, µ is smooth. For the smoothness of λ, we show that λ is smooth on
∆p+1
iˆ
for i 6= p+ 1. For simplicity, suppose that i = p (Lemma 4.4). Since λ|
∆
p+1
pˆ
sends (1− t)(p+1)+ tdp+1((1− s)(p)+ sdp(y)) ∈ ∆p+1pˆ to (1− s)(p)+ sd
p(y) ∈ ∆p,
we have the factorization
∆p+1pˆ ∆
p,
U
λ|
∆
p+1
pˆ
(sp,µ) κ
where U is the open diffeological subspace of ∆ppˆ × (0,1] defined by
U = {((1− s)(p) + sdp(y), t) ∈ ∆ppˆ × (0, 1] | s < t}
and κ : U −→ ∆p is the map defined by
κ((1− s)(p) + sdp(y), t) = (1−
s
t
)(p) +
s
t
dp(y).
We need only to show that κ is smooth.
Define the open diffeological subspace V of [0,1)× (0,1] by
V = {(s, t) ∈ [0,1)× (0,1] | s < t},
and define the smooth map δ : V −→ [0,1) by δ(s, t) = st . Now, consider the
commutative diagram
∆p−1 × V ∆p−1 × [0,1)× (0, 1]
U ∆ppˆ × (0,1].
ϕp×1|U ϕp×1
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We can show that this diagram is a pullback diagram in D by an argument similar
to that in the proof of Lemma 4.2. Since the right vertical arrow ϕp × 1 is a D-
quotient map (Lemmas 4.3 and 2.5), the left vertical arrow ϕp × 1|U is also a
D-quotient map (Lemma 2.4(2)). Next, consider the commutative diagram
∆p−1 × V ∆p−1 × [0, 1)
U ∆p.
1×δ
ϕp×1|U ϕp
κ
Since ϕp ◦ (1× δ) is smooth and ϕp × 1|U is final, κ is smooth. ⊓⊔
We use the smoothness of the affine surjections sk to show the following lemma.
Lemma 5.4. Let g : ∆p−1 −→ ∆q be a smooth map. For i, j with 0 ≤ i ≤ p and 0 ≤
j ≤ q, define the map g iˆj : ∆
p
iˆ
−→ ∆q by g iˆj((1− t)(i)+ td
i(x)) = (1− t)(j)+ tg(x).
Then g iˆj is smooth.
Proof.. We can assume that i = 0 and j = 0 (Lemma 4.4). Thus, we show that the
map g 0ˆ0 : ∆
p
0ˆ
−→ ∆q is smooth.
Define the map g∆00 : ∆
p
0ˆ
−→ ∆q+1
0ˆ
by the commutativity of the diagram
∆p−1 × [0,1) ∆q × [0,1)
∆p
0ˆ
∆q+1
0ˆ
.
g×1
ϕ0 ϕ0
g∆00
Since ϕ0 ◦ (g × 1) is smooth and the left vertical arrow ϕ0 is final (Lemma 4.3),
g∆00 is smooth. We can easily see that the composite
∆p
0ˆ
g∆00−−−−−−−→ ∆q+1
0ˆ
s0
−−−−−−−−→ ∆q
is just the map g 0ˆ0, and hence, that g 0ˆ0 is smooth by Lemma 5.3. ⊓⊔
Proof of Proposition 5.1. We prove the result by induction on p. The result obvi-
ously holds for p = 0. Suppose that the result holds up to p − 1. We show that f
is smooth on ∆p
iˆ
for any i. There are three cases to be checked.
Case 1: The image f((i)) is in ∆˚q. Consider the commutative diagram
∆p
iˆ
∆˚q
∆p
iˆ sub
∆˚qsub,
f
id id
f
and note that the left vertical arrow is smooth (Lemma 3.1) and that the right
vertical arrow is a diffeomorphism (Lemma 4.2). Since f : ∆psub −→ ∆
q
sub is obvi-
ously smooth, f : ∆p
iˆ
−→ ∆˚q is also smooth.
Case 2: The image f((i)) is a vertex of ∆q. The composite
∆p−1
di
−֒−−−−−→ ∆p
f
−−−−−−→ ∆q
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is smooth by the induction hypothesis. Set (j) = f((i)) and consider the smooth
map (f ◦ di)ˆij : ∆
p
iˆ
−→ ∆q (Lemma 5.4). We can easily see that (f ◦ di)ˆij is just
f |∆p
iˆ
.
Case 3: The image f((i)) is in some open simplex (i0, . . . , ik) with 0 < k < q. We show
that the ∆˚k- and ∆q−k
0ˆ
-components of the composite ∆p
iˆ
f
−→ UI
ΦI−−→
∼=
∆˚k × ∆q−k
0ˆ
are smooth, where I = {i0, . . . , ik} (see Proposition 4.5).
Since the composite
∆p
iˆ sub
f
−−−−−→ UI sub
p
∆˚k
◦ΦI
−−−−−→ ∆˚ksub
is smooth (Remark 4.7(2)), the composite
∆p
iˆ
f
−−−−−→ UI
p
∆˚k
◦ΦI
−−−−−→ ∆˚k
is also smooth by the argument used in Case 1. The ∆q−k
0ˆ
-component of ΦI ◦ f is
smooth by Remark 4.7(1) and Case 2. ⊓⊔
Remark 5.5. (1) From Proposition 5.1, we see that for I = {i0, . . . , ik} ⊂ {0, . . . , p},
∆I is just the closed simplex 〈i0, . . . , ik〉 of ∆
p endowed with the sub-diffeology (see
Section 4.2).
(2) By Proposition 5.1, the realization functor | |D : S −→ D and the singular
functor SD : D −→ S are defined as explained in Section 1. It is easily seen that
the pair
| |D : S ⇄ D : S
D
is an adjoint pair.
6 Key constructions for the verifications of Axioms 3 and 4
In this section, we construct important D-homotopies, which are key to verifying
Axioms 3 and 4.
Define the diffeological subspace Λp+1
kˆ
of Λp+1k by Λ
p+1
kˆ
= Λp+1k − ∆˙
p
(k)
.
Lemma 6.1. Λp+1
kˆ
is a deformation retract of ∆p+1
kˆ
in D.
Proof. For simplicity, we assume that k = 0 (Lemma 4.4). We constructD-deformations
Rp+1 : ∆
p+1
0ˆ
× I −→ ∆p+1
0ˆ
onto Λp+1
0ˆ
by induction on p.
For p = 0, we can define the D-deformation R1 : ∆
1
0ˆ
× I −→ ∆1
0ˆ
by
R1((1− t)(0) + t(1), s) = (1− (1− s)t)(0) + (1− s)t(1).
Suppose that D-deformations R1, . . . , Rp have been constructed. We construct a
D-deformation Rp+1 : ∆
p+1
0ˆ
× I −→ ∆p+1
0ˆ
onto Λp+1
0ˆ
in three steps.
Step 1: Construction of Rq,r (q ≥ 0, r ≤ p). Let r ≤ p. For q > 0, define the D-
homotopy
Rq,r : ∆˚
q ×∆r0ˆ × I −→ ∆˚
q ×∆r0ˆ
by Rq,r(x, y, s) = (x,Rr(y, φq(x)s)), where φq : ∆
q −→ [0, 1] is a smooth function
such that φq ≡ 1 near the barycenter bq of ∆
q, and φq ≡ 0 near ∆˙
q (Lemma 3.1).
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Define the D-homotopy R0,r : ∆
r
0ˆ
× I −→ ∆r
0ˆ
by R0,r = Rr.
Step 2: Construction of RAp . Set A
p = ∆p−Bp, where Bp is a closed p-dimensional
disk contained in ∆˚p whose center is the barycenter bp of ∆
p. Then, we deform Ap
onto ∆˙p as follows; see Definition 4.6 for a good neighborhood of an open simplex
(i0, . . . , ik) of ∆
p.
• We deform Ap by applying Rp−1,1 to good neighborhoods of the open (p− 1)-
simplices of ∆p; the resulting diffeological subspace is denoted by ∆˙p ∪ D(1),
where D(1) is a neighborhood of the (p − 2)-skeleton skp−2 ∆
p which is C0-
homotopic to skp−2 ∆
p.
• We deform ∆˙p ∪D(1) by applying Rp−2,2 to good neighborhoods of the open
(p− 2)-simplices of ∆p; the resulting diffeological subspace is denoted by ∆˙p ∪
D(2), where D(2) is a neighborhood of the (p− 3)-skeleton skp−3 ∆
p which is
C0-homotopic to skp−3 ∆
p.
• We iterate the same procedure using Rp−k,k (k = 3, . . . , p) to deform ∆˙
p∪D(2)
onto ∆˙p.
−→ −→
Fig. 6.1 D-deformation of A2 onto ∆˙2
The D-deformation of Ap onto ∆˙p described above is denoted by RAp .
Step 3: Construction of Rp+1. In the construction of RAp , we take a closed p-
dimensional disk Bp in ∆˚p such that Bp is contained in the interior φ−1p (1)
◦ of
φ−1p (1). Define the D-deformation RAp×[0,1) : A
p × [0,1) × I −→ Ap × [0,1) of
Ap × [0,1) onto ∆˙p × [0,1) to be the composite
Ap × [0,1)× I ∼= A
p × I × [0,1)
RAp×1−−−−−→ Ap × [0,1).
Let us construct the desired D-deformation Rp+1 using Rp,1 and RAp×[0,1).
First, under the canonical identification of [0, 1) and ∆1
0ˆ
, we define the D-
homotopy
P ′p+1 : ∆
p × [0, 1)× I −→ ∆p × [0, 1)
to be the obvious extension of Rp,1 : ∆˚
p × [0, 1)× I −→ ∆˚p × [0,1); explicitly,
P ′p+1(x, t, s) =
{
Rp,1(x, t, s) if x ∈ ∆˚
p
(x, t) if x ∈ ∆˙p.
Then, we define the map
Pp+1 : ∆
p+1
0ˆ
× I −→ ∆p+1
0ˆ
by the commutativity of the diagram
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∆p × [0,1)× I ∆p × [0,1)
∆p+1
0ˆ
× I ∆p+1
0ˆ
.
P ′p+1
ϕ0×1 ϕ0
Pp+1
Since ϕ0 × 1 is final (Lemmas 4.3 and 2.5), Pp+1 is a D-homotopy.
Second, we define the D-homotopies
Q′p+1 : φ
−1
p (1)
◦ × [0,1)× I −→ ∆p × [0,1),
Q′′p+1 : A
p × [0,1)× I −→ ∆p × [0,1)
by Q′p+1(x, t, s) = (x,0), Q
′′
p+1(x, t, s) = RAp×[0,1)(P
′
p+1(x, t, 1), s) respectively.
Consider the composites of Q′p+1 and Q
′′
p+1 with ϕ0 : ∆
p × [0,1) −→ ∆p+1
0ˆ
, and
observe that
ϕ0 ◦Q
′
p+1 = ϕ0 ◦Q
′′
p+1 = the constant map onto the vertex (0)
on φ−1p (1)
◦ × [0,1)× I ∩ Ap × [0, 1)× I. Then, we have the D-homotopy
ϕ0 ◦Q
′
p+1 + ϕ0 ◦Q
′′
p+1 : ∆
p × [0,1)× I −→ ∆p+1
0ˆ
.
Define the map Qp+1 : ∆
p+1
0ˆ
× I −→ ∆p+1
0ˆ
by the commutativity of the diagram
∆p × [0,1)× I
∆p+1
0ˆ
× I ∆p+1
0ˆ
.
ϕ0◦Q
′
p+1+ϕ0◦Q
′′
p+1
ϕ0×1
Qp+1
Since ϕ0 × 1 is final (Lemmas 4.3 and 2.5), Qp+1 is a D-homotopy connecting
Pp+1(·, 1) to a retraction of ∆
p+1
0ˆ
onto Λp+1
0ˆ
.
Last, define the D-homotopy
Rp+1 : ∆
p+1
0ˆ
× I −→ ∆p+1
0ˆ
to be the composite of the D-homotopies Pp+1 and Qp+1 (see Remark 2.14). Then,
Rp+1 is the desired D-deformation. ⊓⊔
From the proof of Lemma 6.1, we have the following result.
Proposition 6.2. ∆˙p is a deformation retract of ∆p − {bp} in D, where bp is the
barycenter of ∆p.
Proof. Let Bp be a small p-dimensional disk in ∆p centered at bp. Since ∆
p−{bp}
can be deformed into∆p−Bp, ∆p−{bp} is deformed onto ∆˙
p via the D-deformation
RAp constructed in the proof of Lemma 6.1. ⊓⊔
We end this section with a simple lemma on D-retracts (i.e., retracts in the
category D) and D-deformation retracts, which is used in the succeeding sections.
Lemma 6.3. Let A be a diffeological subspace of B, and let i be the inclusion of A
into B. Consider the pushout diagram in D
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A B
C B ∪
A
C.
i
f g
j
(1) If A is a D-retract of B, then C is also a D-retract of B ∪
A
C.
(2) If A is a D-deformation retract of B, then C is also a D-deformation retract of
B ∪
A
C.
Proof. (1) Obvious.
(2) Let R : B × I −→ B be a D-deformation of B onto A. Since the diagram
A× I B × I
C × I (B ∪
A
C)× I
i×1
f×1 g×1
j×1
is a pushout diagram in D (Proposition 2.1(2)), we have the smooth map
(B ∪
A
C)× I = B × I ∪
A×I
C × I
g◦R+j◦proj
−−−−−−−−−→ B ∪
A
C,
which is the desired D-deformation. ⊓⊔
7 Verification of Axiom 3
In this section, we verify Axiom 3.
Proposition 7.1 (Axiom 3). The canonical smooth injection∣∣∆˙[p]∣∣
D
−֒→ ∆p
is a D-embedding.
Let us begin by showing the following three lemmas.
Lemma 7.2. Let J be a small category and Y• : J −→ D be a functor. Set Y =
colim
j∈J
Yj , and let B be a diffeological subspace of Y . Then, the equality B = colim
j∈J
Bj
holds in the category D, where Bj is the inverse image of B by the canonical map
φj : Yj −→ Y .
Proof. We can easily see that the diffeological spaces B and colim
j∈J
Bj coincide as
sets (see the proof of Proposition 2.1(1)). Thus, consider the pullback diagram in
D: ∐
j
Bj
∐
j
Yj
B Y
∑
φj
∑
φj
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(see Lemma 2.3). Since the right vertical arrow is final, Lemma 2.4(2) implies that
the left vertical arrow is also final, and hence, B = colim
j∈J
Bj holds in D. ⊓⊔
Let ∆ denote the category of finite ordinal numbers. Recall that S = Set∆
op
and that the Yoneda embedding ∆ −֒→ S assigns to [p] the standard p-simplex
∆[p]. For a subcomplex K of ∆[p], define the category (∆ ↓ K)inj to be the full
subcategory of ∆ ↓ K consisting of objects σ : ∆[n] −→ K whose composite with
K −֒→ ∆[p] correspond to injective monotonic maps via the Yoneda embedding.
Define the subcategory IK of D to be the image of the functor (∆ ↓ K)inj −→ D
which assigns to σ : ∆[n] −→ K to ∆n.
Lemma 7.3. For a subcomplex K of ∆[p], the realization |K|D is canonically isomor-
phic to colim
IK
∆n.
Proof. Since (∆ ↓ K)inj is final in ∆ ↓ K, |K|D is canonically isomorphic to
colim
(∆↓K)inj
∆n ([16, p. 217]), and hence to colim
IK
∆n. ⊓⊔
The cone CL of a simplicial set L is defined by
CL = colim
∆↓L
∆[m+ 1]
in the category S∗ of pointed simplicial sets, where the base point of ∆[m+ 1] is
the vertex (0) (see [6, p. 189] for the precise definition of the functor ∆ ↓ L −→ S∗
sending σ : ∆[m] −→ X to ∆[m+1]). In order to work in the unpointed context, let
us express CL as a colimit in the category S. Define the enlarged simplex category
(∆ ↓ L)+ to be the full subcategory of the overcategory S ↓ L consisting of objects
σ : ∆[m] −→ L (m ≥ −1), where ∆[−1] denotes the initial object of S. Then, the
functor ∆ ↓ L −→ S∗ extends a functor (∆ ↓ L)+ −→ S∗ in an obvious manner.
For the composite of this functor with the forgetful functor S∗ −→ S, we have the
following result.
Lemma 7.4. For a simplicial set L, the cone CL is naturally isomorphic to colim
(∆↓L)+
∆[m+
1], where the colimit is formed in the category S.
Proof. Obvious. ⊓⊔
Proof of Proposition 7.1. In the proof, we use the following notation: for a subset
A of a diffeological space X, AX is the set A endowed with the sub-diffeology of
X.
For a subcomplex L of ∆[p], let |L| be the underlying set of |L|D, and regard
it as a subset of ∆p via the canonical injection. Setting K = ∆˙[p], we show that
the smooth map id : |K|D −→ |K|∆p is a diffeomorphism.
For p ≤ 1, the result obviously holds. Suppose that the result holds up to p−1.
Then, we show that the result holds for p.
Set |K |ˆ
i
= |K| ∩ ∆p
iˆ
, and let |K |ˆ
i D be the set |K |ˆi endowed with the sub-
diffeology of |K|D. We need to only show that id : |K |ˆi D −→ |K |ˆi ∆p is a diffeo-
morphism for any i.
For i 6= 0, let γ denote the permutation of {(0), . . . , (p)}, switching (0) and (i).
The affine bijection of∆p induced by γ is also denoted by γ. Then, γ||K| : |K|∆p −→
26 Hiroshi Kihara
|K|∆p is a diffeomorphism (Lemma 4.4). We can see that γ||K| : |K|D −→ |K|D is
also a diffeomorphism using Lemmas 7.3 and 4.4. (Note that γ does not define a
simplicial self-map of ∆˙[p] for p > 1.) Thus, we may assume that i = 0.
Set K′ = Λ0[p] and K
′′ = ∆[p− 1], and identify K′′ with the 0th face of ∆[p].
Then, K := ∆˙[p− 1] is the intersection of K′ and K′′.
First, we investigate the diffeology of |K|0ˆ D. Since K is isomorphic to the
pushout K′ ∪
K
K′′ in the category S, we have the isomorphism in D
|K|D ∼= |K
′|D ∪
|K|D
|K′′|D
(Remark 5.5(2)), and hence, the equality
|K|0ˆ D = |K
′|0ˆ D
(Lemma 7.2). Since K′ is isomorphic to the cone CK in a canonical way, we have
|K|0ˆD = |K
′|0ˆD
= colim
(∆↓K)+
∆m+1
0ˆ
by Lemmas 7.2 and 7.4, and Remark 5.5(2).
Next, we look closely at the diffeology of |K|0ˆ∆p . Consider the pullback diagram
in D
(|K| × [0, 1) ∪∆p−1 × (0))∆p−1×[0,1) ∆
p−1 × [0,1)
|K|0ˆ∆p ∆
p
0ˆ
ϕ0 ϕ0
(see Lemma 2.3). Since ϕ0 : ∆
p−1 × [0, 1) −→ ∆p
0ˆ
is final (Lemma 4.3),
ϕ0 : (|K| × [0,1) ∪∆
p−1 × (0))∆p−1×[0,1) −→ |K|0ˆ∆p
is also final (Lemma 2.4(2)). Set V = ∆p−1 − {bp−1}. By the definition of a final
structure (see [2, Section 2]),
ϕ0 : (|K| × [0, 1) ∪ V × (0))∆p−1×[0,1) −→ |K|0ˆ∆p
is also final. Since |K|∆p−1 is a D-retract of V (Proposition 6.2), there is a retract
diagram in D of the form
|K|∆p−1 × [0,1)
ι×1
−֒−−−→ V × [0,1)
ρ×1
−−−−→ |K|∆p−1 × [0,1).
This diagram restricts to the retract diagram in D
|K|∆p−1 × [0,1)
ι×1
−֒−−−→ (|K| × [0,1) ∪ V × (0))∆p−1×[0,1)
ρ×1
−−−−→ |K|∆p−1 × [0,1),
which shows that
ϕ0 : |K|∆p−1 × [0,1) −→ |K|0ˆ∆p
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is final. Since |K|∆p−1
∼= colim
(∆↓K)
+
∆m by the induction hypothesis, we have
|K|0ˆ ∆p
∼= |K|∆p−1 × [0, 1)/|K|∆p−1 × (0)
∼= colim
(∆↓K)
+
(∆m × [0,1))/ colim
(∆↓K)
+
(∆m × (0))
∼= colim
(∆↓K)
+
∆m+1
0ˆ
(see Proposition 2.1(2) and Lemma 4.3), which completes the proof. ⊓⊔
8 Verification of Axiom 4
In this section, we verify Axiom 4.
Proposition 8.1 (Axiom 4). Λp+1k is a deformation retract of ∆
p+1 in D.
Let us begin by showing a lemma on the diffeology of ∆p+1. In this section, let
∆p+1cone denote the set ∆
p+1 endowed with the quotient diffeology by the surjection
ϕ0 : ∆
p × I −→ ∆p+1
defined by ϕ0(x, t) = (1− t)(0)+ td
0(x), which is the obvious extension of the map
ϕ0 in Definition 1.2. For a subset A of ∆
p+1, Acone is the set A endowed with the
sub-diffeology of ∆p+1cone. Recall that id : ∆
p+1 −→ ∆p+1cone is smooth (Lemma 5.3).
Lemma 8.2. The equality ∆p+1 − ∆˙p
(0)
= (∆p+1 − ∆˙p
(0)
)cone holds.
Proof. The map
id : ∆p+1
0ˆ
−→ ∆p+1
0ˆ cone
is a diffeomorphism by Lemmas 4.3 and 5.2(2). The map
id : U{1,...,p+1} −→ U{1,...,p+1} cone
is also a diffeomorphism by Proposition 4.5, and Lemma 5.2(3). Thus, the result
holds. ⊓⊔
Proof of Proposition 8.1. For simplicity, we assume that k = 0 (Lemma 4.4).
Let Pp+1 : ∆
p+1
0ˆ
× I −→ ∆p+1
0ˆ
and Qp+1 : ∆
p+1
0ˆ
× I −→ ∆p+1
0ˆ
be D-homotopies
constructed in the proof of Lemma 6.1. Choose sufficiently small ǫ > 0 and a
monotonically increasing smooth function µ : [0,1] −→ [0, 1] such that µ ≡ 0 on
[0, ǫ] and µ ≡ 1 on [2ǫ, 1]. Define the D-homotopy Qp+1 : ∆
p+1
0ˆ
× I −→ ∆p+1
0ˆ
by
Qp+1((1− t)(0) + td
0(x), s) = Qp+1((1− t)(0) + td
0(x), µ(1− t)s),
and let Rp+1 be the composite of the D-homotopies Pp+1 and Qp+1 (see Remark
2.14). From the constructionRp+1 extends uniquely to a smooth map from ∆
p+1
cone×
I to ∆p+1cone, which is the constant homotopy of the identify near ∆˙
p
(0)
. Thus, this
extension of Rp+1 can be regarded as a smooth map from ∆
p+1 × I to ∆p+1
(Lemma 8.2), which is also denoted by Rp+1.
Using the D-homotopies Rp+1, Rq,r, and RAp (see the proof of Lemma 6.1),
we deform ∆p+1 onto Λp+10 as follows.
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• We deform ∆p+1 by applying Rp+1; the resulting diffeological subspace is de-
noted by Λp+10 ∪E
(1), where E(1) is a neighborhood of ∆˙p
(0)
that is C0-homotopic
to ∆˙p
(0)
. We may assume that A′p := E(1) ∩∆p
(0)
is a diffeological subspace of
the form ∆p
(0)
− B′p, where B′p is an open p-dimensional disk such that its
closure is contained in ∆˚p
(0)
and its center is the barycenter of ∆p
(0)
.
• We deform Λp+10 ∪ E
(1) by applying Rp−1,2 to good neighborhoods in ∆
p+1
of the open (p − 1)-simplices of ∆p
(0)
; the resulting diffeological subspace is
denoted by Λp+10 ∪ E
(2) ∪ A′p, where E(2) is a neighborhood in ∆p+1 of the
(p− 2)-skeleton skp−2 ∆
p
(0)
which is C0-homotopic to skp−2 ∆
p
(0)
.
• We iterate the same procedure using Rp−k,k+1 (k = 2, . . . , p) to deform Λ
p+1
0 ∪
E(2) ∪ A′p onto Λp+10 ∪ A
′p.
• Since the diffeological subspace Λp+10 ∪A
′p is just the pushout |Λ0[p+1]|D ∪
∆˙p
A′p
by Proposition 7.1, Remark 5.5(2), and Lemma 7.2 (cf. the argument in the
proof of Proposition 7.1), we deform Λp+10 ∪A
′p onto the diffeological subspace
|Λ0[p+ 1]|D (= Λ
p+1
0 ) using the deformation RAp constructed in the proof of
Lemma 6.1 (see Lemma 6.3(2)). ⊓⊔
⊓⊔
9 Proofs of Theorems 1.3 and 1.4
In this section, we establish the basic properties of the singular functor SD and
the realization functor | |D, and prove Theorems 1.3 and 1.4. As mentioned in
Section 1, the proof of Theorem 1.3 is constructed using only properties (1)-(3) of
the category D and Axioms 1-4 for the standard simplices.
9.1 Singular and realization functors
Recall the definitions of the singular functor SD : D −→ S and the realization
functor | |D : S −→ D (Section 1). The following proposition has already been
stated in Remark 5.5(2).
Proposition 9.1. | |D : S ⇄ D : S
D is an adjoint pair.
Proof. We can easily see that the natural isomorphism S(K,SDX) ∼= D(|K|D , X)
holds for K ∈ S and X ∈ D. ⊓⊔
Define the set I of morphisms of D by
I = {∆˙p −֒→ ∆p | p ≥ 0}.
We generalize Proposition 7.1 as follows.
Proposition 9.2. If K is a subcomplex of a simplicial set L, then the canonical smooth
injection
|K|D −֒→ |L|D
is a D-embedding.
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Proof. The inclusion K −֒→ L is a relative IS -cell complex, where IS = {∆˙[p] −֒→
∆[p] | p ≥ 0}. Thus, |K|D −֒→ |L|D is a relative I-cell complex (Propositions 7.1
and 9.1), and hence a D-embedding (see the comment after Proposition 2.1). ⊓⊔
Remark 9.3. The horn Λpk is deformed onto the vertex (k) by iterated application
of the deformation of a simplex onto a horn (see Propositions 8.1, 9.1, and 9.2,
and Lemma 6.3(2)). Hence, ∆p is also contractible in D.
Lemma 9.4. (1) For a diffeological space X, SDX is a Kan complex.
(2) If f ≃ g : X −→ Y in D, then SDf ≃ SDg : SDX −→ SDY in S. In particular, if
X ≃ Y in D, then SDX ≃ SDY in S.
Proof. (1) We show that, for any solid arrow diagram in S
Λk[p] S
DX
∆[p],
there exists a dotted arrow that makes the diagram commute. By Proposition 9.1,
this extension problem is equivalent to the extension problem
|Λk[p]|D X
|∆[p]|D
in D, which has a solution by Propositions 9.2 and Axiom 4 (Proposition 8.1).
(2) Let H : X × I −→ Y be a D-homotopy connecting f to g. Then, the composite
SDX ×∆[1]
1×ι
−−−→ SDX × SDI ∼= S
D(X × I)
SDH
−−−−→ SDY
is a simplicial homotopy connecting SDf to SDg, where ι : ∆[1] −→ SDI is a
simplicial map corresponding to the canonical diffeomorphism ∆1 −→ I. ⊓⊔
Let S : C0 −→ S be the topological singular functor, and | | : S −→ C0 be the
topological realization functor defined by |K| = colim
∆↓K
∆ntop in C
0; see Section 1 for
the simplex category ∆ ↓ K. It is easily seen that (| |, S) is an adjoint pair (cf. [6,
p. 7]). Note that colim
∆↓K
∆ntop in C
0 coincides with colim
∆↓K
∆ntop in T ; in other words,
|K| coincides with the ordinary topological realization of K (see Lemma 2.7).
Lemma 9.5. The composite of the adjoint pairs
| |D : S ⇄ D : S
D and ·˜ : D ⇄ C0 : R
is just the adjoint pair
| | : S ⇄ C0 : S.
Proof. For X ∈ C0, D(∆p, RX) ∼= C0(∆
p
top, X) (Propositions 2.10 and 3.2), and
therefore, SD◦R = S. Since |˜ |D and | | are left adjoints to S
D◦R and S, respectively,
the equality SD ◦R = S implies the equality |˜ |D = | |. ⊓⊔
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9.2 Proof of Theorem 1.3
In this subsection, we prove Theorem 1.3. We need several lemmas for this.
Define the set J of morphisms of D by
J = {Λpk −֒→ ∆
p | p > 0, 0 ≤ k ≤ p}.
Lemma 9.6. Let f : X −→ Y be a morphism of D.
(1) The following conditions are equivalent:
(i) f : X −→ Y is a fibration;
(ii) SDf : SDX −→ SDY is a fibration;
(iii) f has the right lifting property with respect to J .
(2) The following conditions are equivalent:
(i) f : X −→ Y is both a fibration and a weak equivalence;
(ii) SDf : SDX −→ SDY is both a fibration and a weak equivalence;
(iii) f has the right lifting property with respect to I.
Proof. (1) The equivalence of (i) and (iii) is obvious from the definition of fibration.
The equivalence of (ii) and (iii) follows from Propositions 9.1 and 9.2; see the proof
of Lemma 9.4(1).
(2) (i)⇔(ii) The equivalence is obvious from part 1 and the definition of weak
equivalence.
(ii)⇔(iii) Recall that a simplicial map ϕ : K −→ L is both a fibration and a weak
equivalence if and only if ϕ : K −→ L has the right lifting property with respect
to the inclusions ∆˙[n] −֒→ ∆[n] ([12, Lemma 2.4]). Then, the equivalence follows
from Propositions 9.1 and 9.2. ⊓⊔
Lemma 9.7. Suppose given a diagram∐
λ∈Λ
Λpλkλ
∐
λ∈Λ
∆pλ
X
in D. Then X is a deformation retract of X ∪∐
λ∈Λ
Λ
pλ
kλ
∐
λ∈Λ
∆pλ in D.
Proof. The result follows immediately from Proposition 8.1 and Lemma 6.3(2). ⊓⊔
For a subset A of ∆p, Atop is the set A endowed with the induced topology of
∆ptop.
Lemma 9.8. The underlying topological spaces of Λpk and ∆˙
p are Λpk top and ∆˙
p
top
respectively.
Proof. The result follows immediately from Proposition 9.2 and Lemma 9.5. ⊓⊔
Lemma 9.9. Let
X0
i1
−֒→ X1
i2
−֒→ X2
i3
−֒→ · · ·
be a sequence in D satisfying one of the following conditions:
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(i) Each in fits into a pushout diagram of the form∐
λ∈Λn
∆˙pλ
∐
λ∈Λn
∆pλ
Xn−1 Xn.
in
(ii) Each in fits into a pushout diagram of the form∐
λ∈Λn
Λpλ
kλ
∐
λ∈Λn
∆pλ
Xn−1 Xn.
in
Set X = lim
→
Xn and let A be a diffeological space with A˜ compact. Then, any smooth
map f : A −→ X factors through Xn for some n.
Proof. Note that Λpk −֒→ ∆
p is the composite of Λpk −֒→ ∆˙
p and ∆˙p −֒→ ∆p, and
that Λpk −֒→ ∆˙
p is the pushout of ∆˙p−1 −֒→ ∆p−1 (see Propositions 9.1 and 9.2,
and the argument in the proof of Proposition 7.1). Then, we may assume that the
sequence {Xn} satisfies condition (i).
Define the set I˜ of morphisms of C0 by
I˜ = {∆˙ptop −֒→ ∆
p
top | p ≥ 0}.
Since the canonical map X0 −֒→ X is a sequential relative I-cell complex (see [17,
Definitions 15.1.1 and 15.1.2]), the map X˜0 −֒→ X˜ is a sequential relative I˜-cell
complex by Propositions 2.10 and 3.2, and Lemma 9.8. Therefore, we can easily
see that f : A −→ X factors through some Xn in Set (cf. [4, Lemma 8.7]), and
hence in D (see the comment after Proposition 2.1). ⊓⊔
Proof of Theorem 1.3. Let us verify the following model axioms:
M1 D is closed under all small limits and colimits.
M2 If f and g are maps in D such that gf is defined and if two of the three maps
f , g, gf are weak equivalences, then the third also is.
M3 If f is a retract of g and g is a weak equivalence, fibration, or cofibration, then
f also is.
M4 Given a commutative solid arrow diagram
A X
B Y
i p
the dotted arrow exists, making the diagram commute, if either
(i) i is a cofibration and p is a trivial fibration (i.e., a fibration that is also a
weak equivalence), or
(ii) i is a trivial cofibration (i.e., a cofibration that is also a weak equivalence)
and p is a fibration.
M5 Every map f has two functorial factorizations:
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(i) f = pi, where i is a cofibration and p is a trivial fibration, and
(ii) f = qj, where j is a trivial cofibration and q is a fibration.
M1 is satisfied by Proposition 2.1(1). M2 is obvious. M3 is not difficult (cf. [4, 2.7
and 8.10]).
M5 (ii) Applying the infinite gluing construction (IGC) for J = {Λpk −֒→ ∆
p (p >
0, 0 ≤ k ≤ p)} to f : X −→ Y , we obtain the factorization
X G∞(J , f)
Y
f
j∞
q∞
(see [4, pp. 104-105]). By Lemmas 9.8 and 9.9, q∞ is a fibration. Since j∞ is
obviously a cofibration by construction, we need to only see that j∞ is a weak
equivalence.
By Lemma 9.7, the inclusion X −֒→ Gn(J , f) is a D-homotopy equivalence,
and hence, a weak equivalence (Lemma 9.4(2)). Thus, j∞ : X −֒→ G
∞(J , f) is
also a weak equivalence by Lemma 9.9.
(i) Applying the infinite gluing construction (IGC) for I = {∆˙p −֒→ ∆p (p ≥ 0)}
to f : X −→ Y , we obtain the factorization
X G∞(I, f)
Y
f
i∞
p∞
(see [4, pp. 104-105]). By Lemmas 9.8 and 9.9, p∞ is a trivial fibration (see Lemma
9.6(2)). By construction, i∞ is obviously a cofibration.
M4 can also be shown by an argument similar to that in the case of the category
of topological spaces ([4, p. 110]).
By Lemma 9.6, D is a cofibrantly generated model category ([17, Definition
15.2.1]); the sets I and J are the generating cofibrations and generating trivial
cofibrations. By Lemmas 9.8 and 9.9, the model structure on D is compactly
generated. By Lemmas 9.4(1) and 9.6(1), every diffeological space is fibrant. ⊓⊔
Remark 9.10. We can also see that D is a cellular model category; conditions (1)
and (2) in [9, Definition 12.1.1] are easily checked using Propositions 2.10 and 3.2,
and Lemma 9.8 (cf. the proof of Lemma 9.9), and condition (3) is checked using
[9, Proposition 10.9.6 and Example 10.9.3] and Proposition 2.1(1).
9.3 Proof of Theorem 1.4
In this subsection, we prove Theorem 1.4, using results of [3], and then characterize
weak equivalences of diffeological spaces in terms of smooth homotopy groups.
For the proof of Theorem 1.4, we need a few lemmas.
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Lemma 9.11. For a fixed real number ǫ ∈ (0, 1p+1 ), ∂ǫ∆
p is the diffeological subspace
of ∆p defined by
∂ǫ∆
p = {(x0, . . . , xp) ∈ ∆
p | xi ≤ ǫ for some i}.
Then, there exists a D-homotopy T : ∆p × I −→ ∆p such that T (·, 0) = 1∆p and
T |∂ǫ∆p×I is a D-deformation of ∂ǫ∆
p onto ∆˙p.
Proof. There exists a D-deformation D : (∆p−{bp})× I −→ ∆
p−{bp} of ∆
p−{bp}
onto ∆˙p (Proposition 6.2); from the construction, we can choose a D-deformation
D such that D restricts to a D-deformation of ∂ǫ∆
p onto ∆˙p. Choose a smooth
function ρ : ∆p −→ [0, 1] such that ρ ≡ 0 near bp and ρ ≡ 1 near ∂ǫ∆
p (see Lemma
3.1). Then, define the map T : ∆p × I −→ ∆p by
T (x, t) =
{
D(x, ρ(x)t) for x 6= bp
bp for x = bp.
It is easily seen that T is the desired D-homotopy. ⊓⊔
A diffeological pair (X,A) consists of a diffeological space X and a diffeological
subspace A of X. We can define the D-homotopy set [(X,A), (Y,B)]D between
diffeological pairs (X,A) and (Y,B) using the unit interval I similar to the case of
topological pairs (cf. Section 2.4), which is the same as for the case defined using
the line R ([3, p. 1277]); see also Remark 2.14.
Lemma 9.12. Let (X,x) be a pointed diffeological space. For a fixed real number
ǫ ∈ (0, 1p+1 ), there exists a natural bijection
πDp (X,x) ∼= [(∆
p, ∂ǫ∆
p), (X,x)]D.
Proof. Let ∂ǫ∆
p
sub denote the subset ∂ǫ∆
p endowed with the sub-diffeology of ∆psub.
By [3, Theorem 3.2], πDp (X,x) is naturally isomorphic to [(∆
p
sub, ∂ǫ∆
p
sub), (X,x)]D,
which is obviously isomorphic to [(∆p, ∂ǫ∆p), (X,x)]D (see Lemmas 3.1 and 4.2).
⊓⊔
Proof of Theorem 1.4.. By Lemma 9.12, we identify πDp (X,x) with [(∆
p, ∂ǫ∆
p), (X,x)]D
for a fixed ǫ ∈ (0, 1p+1). Since an affine map (i.e., a map preserving convex combi-
nations) from ∆r to ∆p × I is smooth by Axiom 2 (Proposition 5.1), we have the
natural map
ΘX : π
D
p (X,x) −→ πp(S
DX,x).
ΘX is surjective by Lemma 9.11.
Let us see that ΘX is injective. Suppose that ΘX ([f ]) = ΘX ([g]). Then, there
is a smooth function F : ∆p+1 −→ X such that
F ◦ di =

f if i = p,
g if i = p+ 1,
0 if i 6= p, p+ 1,
where 0 denotes the constant map to the base point. (See Section 1.2 for the
definition of di : ∆p −→ ∆p+1.) By applying Lemma 9.11 to ∆p+1, we can assume
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that F = 0 near skp−1 ∆
p+1. Thus, F defines a smooth map ∆p+1sub to X (Lemma
4.2). Hence, we obtain the D-homotopy relative to ∂ǫ′∆
p
∆p × I
id×1
−−−→ ∆psub × I
β
−−−→ ∆p+1sub
F
−−−−→ X
connecting f to g, where ǫ′ is a sufficiently small positive number and β is a smooth
map defined by
β(x0, . . . , xp, t) = (x0, . . . , xp−1, txp, (1− t)xp).
Last, let us show that ΘX is a group homomorphism for p > 0. Define the map
γ : ∆p+1 −→ ∆p
(p−1) ∪〈0,...,p−2,p〉
∆p
(p+1)
by
γ(x0, . . . , xp+1) =
{
(x0, . . . , xp−2, 0, xp + 2xp−1, xp+1 − xp−1) if xp+1 ≥ xp−1
(x0, . . . , xp−2, xp−1 − xp+1, xp + 2xp+1, 0) if xp+1 ≤ xp−1.
For smooth maps f, g : (∆p, ∂ǫ∆
p) −→ (X,x), the composite
∆p+1
γ
−−−→ ∆p
(p−1) ∪〈0,...,p−2,p〉
∆p
(p+1)
f+g
−−−→ X
is smooth, though γ is not smooth. Thus, the product ΘX([f ]) ·ΘX([g]) is defined
to be the composite
∆p
dp
−−−−→ ∆p+1
(f+g)◦γ
−−−−−−→ X.
This coincides with ΘX ([f ] · [g]) (see the argument in the proof of [3, Theorem
4.11]). ⊓⊔
Corollary 9.13. Let f : X −→ Y be a smooth map between diffeological spaces. Then,
f is a weak equivalence if and only if
πDp (f) : π
D
p (X,x) −→ π
D
p (Y, f(x))
is bijective for any p ≥ 0 and any x ∈ X.
Proof. The result follows immediately from the definition of a weak equivalence in
D and Theorem 1.4. ⊓⊔
A Diffeology of ∆
p
sub
In this appendix, we see that ∆psub satisfies neither Axiom 3 nor 4 for p > 1, which is why we
have newly introduced the standard p-simplices ∆p.
The following lemma shows that the set {∆psub}p≥0 satisfies Axioms 1 and 2.
Lemma A.1. (1) The underlying topological space of ∆psub is the topological standard p-
simplex for p ≥ 0.
(2) Any affine map f : ∆psub −→ ∆
q
sub is smooth.
Proof. (1) The result follows from Lemma 2.12.
(2) Obvious. ⊓⊔
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Using Lemma A.1(2), we can define the functor
| |′D : S −→ D
by |K|′D = colim
∆↓K
∆nsub (cf. Section 1.2). The following proposition shows that ∆
p
sub satisfies
neither Axiom 3 nor 4 for p > 1. Recall the definition of the horn Λp
k
, and note that Λp
k sub is
a diffeological subspace of ∆psub (Section 1.2).
Proposition A.2. (1) The canonical smooth injection
|∆˙[p]|′D −֒→ ∆
p
sub
is not a D-embedding for p > 1.
(2) Λp
k sub is not a retract of ∆
p
sub in D for p > 1.
Proof. (1) Identify |∆˙[p]|′D with the boundary ∆˙
p set-theoretically via the canonical injection.
We show that id : |∆˙[p]|′
D
−→ ∆˙psub is not a diffeomorphism. We can easily construct a smooth
injection
c : (−1, 1) −→ ∆˙psub
such that
• c((−1, 0)) is contained in the open simplex (0, . . . , p− 1, pˆ).
• c((0, 1)) is contained in the open simplex (0, . . . , p̂− 1, p).
(cf. [11, Excercise 15 2)].) However, the injection c : (−1, 1) −→ |∆˙[p]|′
D
is not smooth since
c : (−ǫ, ǫ) −→ |∆˙[p]|
′
D does not factor through |σ|
′
D : ∆
n
sub −→ |∆˙[p]|
′
D for any ǫ > 0 and
any σ ∈ ∆ ↓ ∆˙[p] (see the proof of Proposition 2.1(1) and [2, p. 90] for the diffeology of
|K|′
D
= colim
∆↓K
∆nsub).
(2) Suppose that there is a retraction r : ∆psub −→ Λ
p
k sub in D. Consider the solid arrow
diagram
∆
p
sub Λ
p
k sub
Ap Ap
r
r
of diffeological spaces. By Remark A.3 below, there is a smooth map r defined on an open
neighborhood of the vertex (k) in Ap, which makes the above diagram commutative near (k).
Since the Jacobi matrix of r at (k) is the identity matrix, r is a local diffeomorphism by the
inverse function theorem, which is a contradiction. ⊓⊔
Remark A.3. Set K = {(x1, . . . , xn) ∈ Rn | x1 ≥ 0, . . . , xn ≥ 0}. Proposition 24.10 in [14]
shows that any smooth map f from the Fro¨licher subspace K of Rn to Rm extends to a smooth
map from Rn to Rm (see [14, Section 23] for Fro¨licher spaces). Thus, in order to use this result
in the diffeological context (the proof of Proposition A2(2)), we need the following observation
which follows from Boman’s theorem ([14, Corollary 3.14]). Let f be a set-theoretic map from
a subset A of Rn to Rm. Then, the following conditions are equivalent:
(i) f is a smooth map from the Fro¨licher subspace A to Rm.
(ii) f is a smooth map from the diffeological subspace A to Rm.
Remark A.4. By the argument in the proof of Proposition A.2(2), we also see that (Λp
k
−
∆˙
p−1
(k)
)sub is not a retract of ∆
p
kˆ sub
for p > 1 (see Definition 4.1 for the definitions of ∆˙p−1
(k)
and ∆p
kˆ
). On the other hand, Λp
k
− ∆˙p−1
(k)
is a retract of ∆p
kˆ
in D (Lemma 6.1). Noticing that
proj : A×B −→ B is a D-quotient map for A,B ∈ D with A nonempty, we see that skp−2 ∆p
is just the set of x ∈ ∆p such that the restriction of id : ∆p −→ ∆psub to any open neighborhood
of x is not a diffeomorphism (see Lemmas 3.1 and 4.2, Proposition 4.5, and Remark 4.7(2)).
Remark A.5. As in [8], we can define the singular complex SDsubX of a diffeological space
X using {∆psub}p≥0 instead of {∆
p}p≥0 (see Section 1.3 and Lemma A.1(2)). By Lemma 3.1,
we have the natural inclusion jX : S
D
subX −֒→ S
DX. In the succeeding paper, it is shown that
jX is a fibrant approximation of S
D
subX; see [13] for the fact that jX induces isomorphisms on
the homology.
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